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Abstract
Obtaining colored HOMFLY-PT polynomials for knots from 3-strand braid carrying arbitrary SU(N) repre-
sentation is still tedious. For a class of rank r symmetric representations, [r]-colored HOMFLY-PT H[r] evaluation
becomes simpler. Recently [1], it was shown that H[r], for such knots from 3-strand braid, can be constructed using
the quantum Racah coefficients (6j-symbols) of Uq(sl2). In this paper, we generalise it to links whose components
carry different symmetric representations. We illustrate the technique by evaluating multi-colored link polynomials
H[r1],[r2] for the two-component link L7a3 whose components carry [r1] and [r2] colors.
1 Introduction
For any knot colored by arbitrary SU(N) representation, we can formally write colored knot invariants from Chern-
Simons field theory. Equivalently, these invariants can also be obtained from Reshetikhin-Turaev approach based on
the theory of quantum groups and quantum R-matrix. These invariants involve braiding eigenvalues of the R-matrix
and quantum Racah matrices of Uq(slN ). In order to see the explicit polynomial form of these invariants, we need the
matrix elements of quantum Racah which are not known for all SU(N) representations.
Recall, Uq(sl2) Racah coefficients or Wigner 6j-symbols are very important in many theoretical and mathematical
physics. These coefficients appear as transformation matrix elements between two equivalent bases obtained from
combining three angular momenta [2]. They can also be viewed as duality matrices between two equivalent SU(2)k
Wess-Zumino Witten conformal blocks [3]-[7] where the quantum deformation q is taken as k + 2-th root of unity.
Interestingly, there is a closed form analytic expression for the Uq(sl2) Racah coefficients [8] which can also be described
in terms of q-hypergeometric function 4Φ3 [9].
Racah coefficients are well defined for both finite-dimensional [9] and infinite-dimensional representations [10, 11]
of classical Lie groups as well as for quantum groups [9]. In this paper, we consider only irreducible finite-dimensional
representations of quantum group Uq(slN ). Such representations are enumerated by Young diagrams and can be
separated into two groups: with and without multiplicities. A representation V of Uq(slN ) is called multiplicity-free if
the decomposition of its tensor square V ⊗V into irreducible components has no repeated summands. Multiplicity-free
representations are enumerated by rectangular Young diagrams. Unfortunately, analytic expression for Uq(slN ) Racah
matrix relating two equivalent bases involving tensor product of three Uq(slN ) representations is still an open problem.
For a special class of Uq(slN ) representations whose Young diagram has a single row(known as symmetric represen-
tations), which belong to multiplicity-free class, 6j symbols are calculated for some examples [12, 13, 14, 15]. Hence
our aim in this paper is to determine Uq(slN ) Racah matrix elements arising in the tensor product of three arbitrary
symmetric representations of Uq(slN ). Particularly, we establish equivalence between such Uq(slN ) Racah coefficients
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with Racah coefficients for Uq(sl2). In fact the proof for such an equivalence is based on the eigenvalue hypothesis
supplemented with the multiplicity-free property which we will elaborate.
According to the eigenvalue hypothesis, all the Racah matrices for knots can be given in terms of normalized
eigenvalues of the braiding R-matrix. As a consequence [1], the Racah matrices for 3-strands carrying same [r]
symmetric representations turns out to be same as Uq(sl2) Racah matrix corresponding to the same set of eigenvalues.
In Ref.[16], eigenvalue hypothesis is extended to links from 3-strand braids. Note that the generalisation to links
from braids will now involve many possible R matrices with different normalized braiding eigenvalues. However, the
identification of Uq(slN ) Racah matrices appearing in the link invariant computation has not been related to Uq(sl2)
Racah matrices. Hence, the main theme in this present paper is to consider three different symmetric representations
[r1], [r2] and [r3] on 3-strand braid and identify the Uq(slN ) Racah matrices with the corresponding Uq(sl2) Racah
matrices. This result will enable computation of multi-colored link invariants H[r1],[r2],[r3] for three-component links
and H[r1],[r2] for two-component links. In fact, the two-components links are even more interesting, since the three-
component link from 3-strand braid is always an entangling of three unknots, while the two-component link can be
more sophisticated. We emphasise these invariants are required to validate the integrality conjectures proposed within
topological string context [17]-[24].
Our paper is organized as follows. In Section 2 we define link invariants with the help of quantum R-matrices.
Particularly, we discuss the finite-dimensional symmetric representations of Uq(slN ) and their relations with quan-
tum Racah coefficients. We also formulate eigenvalue conjecture for links whose components are colored by different
Uq(slN ) symmetric representations. In Section 3 we consider three-strand braids colored by symmetric representations.
We indicate that the normalised eigenvalues of R matrices are same when we reduce the rank of the different sym-
metric representations on all the three strands by same integer n. Further we construct a proof, assuming eigenvalue
hypothesis, equating Uq(slN ) Racah matrix to Uq(sl2) Racah matrix. We work out the multi-colored HOMFLY-PT
for a two-component link L7a3 in Section 4. Interestingly, we give a closed form expression for the multi-colored link
invariant. In the concluding section, we summarize and suggest future directions towards generalizations to higher
strand braids.
2 Link invariants from quantum groups
We will focus in this section on obtaining multicolored link invariants from m-strand braids where the component
knots could carry different representations. Particularly, we will follow Reshetikhin-Turaev approach based on the
theory of quantum groups and the quantum R-matrix.
2.1 R-matrix and multi-colored link invariants
First of all, let us define quantum R-matrices associated with the multi-colored m-strand braid. We associate a
finite-dimensional representation Ri , of the quantized universal enveloping algebra Uq(slN ), with i-th strand where
we assume the quantum deformation parameter q to be root of unity. In fact, all finite-dimensional representations
are representations of highest weights which can be enumerated using Young diagrams. Hence from now on we will
identify these representations using the Young diagrams and follow the conventional notation. For example, the
notation [l,m, n, . . .] denotes Young diagram with l-boxes in the first row, m-boxes in the second row and so on.
• For the Uq(slN ) algebra defined using generators {Hi, Ei, Fi}, there exists a universal Rˇ-matrix:
Rˇ = q
∑
i,j
C−1ij Hi⊗Hj ∏
positive root β
expq[(1− q−1)Eβ ⊗ Fβ ] . (1)
where (Cij) is the Cartan matrix.
• The action of quantum Ri on the Uq(slN ) modules Vi and Vi+1 involves the above universal Rˇ-matrix as well as
a permutation operator as shown below:
Ri = 1V1 ⊗ 1V2 ⊗ . . .⊗ P Rˇi,i+1 ⊗ . . .⊗ 1Vm ∈ End(V1 ⊗ . . . ,⊗Vm) , (2)
where the permutation operation is P (x⊗y) = y⊗x and Rˇ acts only on Vi and Vi+1 and the identity operation on the
rest of the modules Vj 6=i,i+1. It is well known [8], [25]-[27] that R1, . . . ,Rm−1 define a representation of the Artin’s
braid group Bm on m strands:
pi : Bm → End(V1 ⊗ . . . ,⊗Vm)
pi(σi) = Ri, (3)
2
where σ1, . . . , σm−1 are generators of the braid group Bm. Graphically we can represent Ri as follows:
.. . .
. . .
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@
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Ri =
V1
Vi
Vi+1
Vm
Clearly, inverse crossing is given by R−1i . Operators Ri satisfy relations of the braid group Bm:
commutativity property RiRj = RjRi, for |i− j| 6= 1
braiding property RiRi+1Ri = Ri+1RiRi+1, for i = 1, . . . ,m− 2 (4)
Graphically, the braiding relation is equivalent to the third Reidemeister move whereas algebraically, it is a well-known
quantum Yang-Baxter equation on quantum R-matrix.
• According to Alexander’s theorem, any link in R3 can be constructed from closure of m-strand braid. Let  L be
an oriented link with L components K1, . . . ,KL colored by representations [r1], . . . , [rL] and β L ∈ Bm is a some braid
whose closure gives  L. Then according to Reshetikhin-Turaev approach [28], [29] the quantum group invariant, which
is also known as colored HOMFLY polynomial, of the link  L is defined as follows2:
H  L[r1],...,[rL] = qtrV1⊗···⊗Vm
(
pi(β L)
)
, (5)
where qtr is a quantum trace whose definition in the theory of quantum groups [9] for every z ∈ End(V ) is a follows:
qtrV (z) = trV (zK2ρ), (6)
where ~ρ is the Weyl vector (half the sum of positive roots) whose relation in terms of simple roots ~αi is 2~ρ =
∑
i ni~αi.
The explicit form of K2ρ is
K2ρ = K
n1
1 K
n2
2 . . .K
nN−1
N−1
where Ki = q
~αi.H involving Cartan generators H1, H2, . . . HN−1.
• Technically, more convenient is to use a modified version of the Reshtikhin-Turaev approach [30]-[32]. Let us
expand tensor product of symmetric representations( denoted as Young diagram notation) [r1]⊗ [r2]⊗ . . .⊗ [rm] into
a direct sum of irreducible representations as shown⊗
i
[ri] =
⊕
ν
(dimM1,2...mQν ) Qν , (7)
where Qν denote the irreducible representations. If any irreducbible representation occurs more than once (called
multiplicity), thenM1,2,...mQν indicates the subspace of the highest weight vectors sharing same highest weights3 corre-
sponding to Young diagram Qν `
∑
i |ri|. The dimension of the spaceM1,2,...mQν is called multiplicity of representation
Qν which we indicate as Qν,s where s takes values 1, 2, . . .dimM1,2,...mQν .
To evaluate quantum trace(6), we need to write the states in weight space incorporating the mulitplicity as well.
We have many equivalent ways of denoting the state corresponding to the irreducible representations Qν (7). One
such state in the weight space denoted by the following diagram
2The usual framing factor in front of quantum trace, which provide the invariance under the first Reidemeister move, we incorporate in
R-matrix by modifying its eigenvalues (10).
3 Recall, that if Qν is a Young diagram Qν = {Qν1 ≥ Qν2 ≥ . . . , Qνl > 0}, then the highest weights ~ωQν of the corresponding
representation are ωi = Qνi −Qνi+1 ∀ i = 1, . . . , l, and vice versa Qνi =
∑l
k=i ωk.
3
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[r1] [r2] [r3] [r4]
Xα
Q1β q q q
Q3γ
 
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[rm]
@R
Qν
is written algebraically as
|
(
. . . (([r1]⊗ [r2])Xα ⊗ [r3])Q1β . . . [rm]
)
Qν
〉(s) ≡ |Qν ;Qν,s, Xα〉 ∼= |Qν,s, Xα〉 ⊗ |Qν〉 , (8)
where [r1] ⊗ [r2] = ⊕|r1−r2|α=0 Xα ≡ [r1 + r2 − α, α] and Qν,s ∈ M1,2,...mQν with the index s to keep track of the different
highest weight vectors sharing the same highest weight ~ωQν .
Incidentally, the choice of state (8) is an eigenstate of quantum R1 matrix:
R1|
(
. . . (([r1]⊗ [r2])Xα ⊗ [r3])Q1β . . . [rm]
)
Qν
〉(s) = λXα,s([r1], [r2])|Qν,s, Xα〉 |Qν〉
= (λXα,s([r1], [r2])|
(
. . . (([r2]⊗ [r1])Xα ⊗ [r3])Q1β . . . Rm
)
Qν
〉(s) . (9)
Hence we will denote the R1 matrix which is diagonal in the above basis as ΛR1 involving diagonal matrix elements
λXα,s([r1], [r2]). These elements are the braiding eigenvalues whose explicit form is [9, 33]
λXα,s([r1], [r2]) =
{
Xα,sq
κ(Xα)−κ([r1)−κ([r2]) if [r1] 6= [r2]
Xα,sq
κ(Xα)−4κ([r1])−|r1|N if [r1] = [r2]
(10)
For a representation Xα whose Young diagram is denoted by α1 ≥ α2 . . . ,≥ αN−1, κXα = 12
∑
j αj(αj + 1 − 2j)
and Xα,s will be ±1 if Xα is connected to the multiplicity subspace state Qν,s and zero otherwise. We will scale
λXα,s([r1], [r2])→ const λ˜Xα,s([r1], [r2]) such that∏
s
λ˜Xα,s([r1], [r2]) = 1 (11)
and use these normalised values λ˜Xα,s([r1], [r2]) in the definition of ΛR1([r1], [r2]) in the rest of the paper.
As these quantum R-matrices commute with any element from Uq(slN ), these R-matrices gets a block structure
corresponding to the decomposition on irreducible components (7, 8), that is., it does not mix vectors from different
representations. Futhermore, R-matrix acts on |Qν〉 as an identity operator and nontrivially on the subspaceM1,2,...mν .
The element K2ρ acts diagonally on |Qν〉 but as identity operator on subspace M1,2...mν as this space represent all
possible highest weight vectors Qν,s with the same weight ~ωQν . Incorporating these facts and the decomposition of
states (8), the colored HOMFLY (5) will become
H  L[r1],...,[rL]
(
q, A = qN
)
= trV1⊗···⊗Vm
(
pi(β L)K2ρ
)
=
∑
ν
trM1,2...mν
(
pi(β L)
) · trQν (K2ρ )
=
∑
ν
trM1,2...mν
(
pi(β L)
) · qdimQν = ∑
ν,s
〈Qν,s, Xα|pi(β L|Qν,s, Xα〉 qdimQν , (12)
where qdimQν is a quantum dimension of the representation Qν explicitly given in terms of Schur polynomials:
qdimQν = sQν (x1, . . . , xN )
∣∣∣
xi=qN+1−2i
= sQν (p1, . . . , pN )
∣∣∣
pk=p∗k
≡ s∗Qν (A, q), (13)
where pk =
N∑
i=1
xki and p
∗
k =
Ak−A−k
qk−q−k . For s
∗
Qν
(A, q) there exists a very simple and straightforward hook formula:
s∗Qν (A, q) =
∏
(i,j)∈R
Aqj−i − (Aqj−i)−1
qκ(i,j)+λ(i,j)+1 − (qκ(i,j)+λ(i,j)+1)−1 , (14)
where κ(i, j) = Ri − j − 1 and λ(i, j) = R′j − i− 1. Here Ri denotes the number of boxes in the i-th row of the Young
diagram of Qν and R
′
j is the number of boxes of the j-th row of transpose of the Young diagram of Qν . Using eqns.(9,
4
10), we can obtain multi-colored HOMFLY-PT H  L[r1],[r2](q, A = q
N ) for braid words R2n1 belonging to 2-strand braid.
Note that Xα will be Qν which are multiplicity free. Hence
H  L[r1],[r2](q,A = q
N ) =
∑
ν,s
λ˜Xα,s([r1], [r2])
2nδXα,Qν δs,1 qdimQν
=
∑
α
λ˜Xα,s([r1], [r2])
2n qdimQν (15)
However to go beyond 2-strand braid, we need to deal with elements of Ri 6=1 as well. Hence, to work out the trace
of any braid word in the multiplicity subspaces, we need to perform transformation of the states (8), using quantum
Racah coefficients, so that quantum Ri 6=1 matrices are diagonal in the transformed states. In the following subsection,
we will focus on 3-strand braid and indicate the transformation between two possible states through Uq(slN ) Racah
matrices and obtain the matrix form for R2.
2.2 Quantum Racah matrix for 3-strand braid
Consider highest weight states of the three finite-dimensional irreducible representations [r1], [r2], [r3] of Uq(slN ). As
the tensor product of these representations is associative, one has a natural isomorphism between two equivalent bases
states. Hence we can unitarily relate the two equivalent basis states as follows [8, 9, 34]:
| (([r1]⊗ [r2])Xα ⊗ [r3])Qν 〉(s1) U−→ |([r1]⊗ ([r2]⊗ [r3])Yβ)Qν 〉(s2) , (16)
where the elements of the transformation matrix U (known as quantum Racah coefficients) is
U
[
[r1] [r2] Xα
[r3] Q¯ν Yβ
]
. (17)
Remember that Xα ⊗ [r3] ∈ Qν and [r1] ⊗ Yβ ∈ Qν and the notation of quantum Racah coefficient means that the
representation Xα ∈ [r1]⊗ [r2]∩ ¯[r3]⊗Qν and the representation Yβ ∈ [r2]⊗ [r3]∩ ¯[r2]⊗Qν . The corresponding Racah
matrix U is denoted as
U
[
[r1] [r2]
[r3] Q¯ν
]
. (18)
Pictorially the above Racah matrix is drawn with three ingoing external lines [ri]’s and an outgoing external line Qν
(implying its conjugate representation):
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[r3]
Xα -U
 
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[r1]
[r2] [r3]
Qν
Yβ
Similar to the eqn.(9), the basis state of R2 obeys
R2|
(
[r1]⊗ ([r2]⊗ [r3])Yβ
)〉s2 = λYβ ,s1([r2], [r3])| ([r1]⊗ ([r3]⊗ [r2])Yβ)〉s2 , (19)
whose diagonal matrix form will be ΛR2 . The matrix form in the basis (8) can be deduced using eqns.(19,16) as
R2 = U†
[
[r1] [r3]
[r2] Q¯ν
]
· (ΛR2([r2], [r3])) · U
[
[r1] [r2]
[r3] Q¯ν
]
. (20)
Using the systematic approach of highest weight method [30], [35]-[39], the quantum Racah coefficients have been
explicitly calculated for some [ri]’s. However, our aim in this paper is to obtain the Racah matrix when the symmetric
representations on the 3-strands are arbitrary [ri]’s. We shall present in the next section, the proofs and details relating
these U matrices to an equivalent Uq(sl2) Racah matrices. Once the U matrix elements are known, the trace in the
multiplicity subspace for any braid word
∏
iRai1 Rbi2 belonging to three-strand braid can be determined.
5
The methodology of formally writing the trace in multiplicity subspace presented for braid words belonging to
2-strand and 3-strand braid can be generalised to higher strand braids. The matrix form of quantum R3,R4, . . . in the
basis(8) will involve many Racah matrices. Since our focus in this paper is to compute the multi-colored link invariants
from 3-strand braids carrying different symmetric representations, we leave m-strand quantum Ri≥3 matrices and the
corresponding computation of the Racah matrices for a future publication.
Before we proceed to prove a neat correspondence of the quantum Racah matrix (18) to Uq(sl2) Racah matrix, we
will highlight the eigenvalue hypothesis implications for strands carrying different symmetric representations.
2.3 Eigenvalue hypothesis
In [1], the eigenvalue hypothesis states that quantum Racah coefficients can be written in terms of the eigenvalues of
R-matrices. In fact for knots, the Racah matrices of sizes up to 6×6 were explicitly written using the set of normalized
eigenvalues of the corresponding R-matrix [1], [40] confirming the eigenvalue hypothesis (see also [41]).
For describing multi-colored links from 3-strand braid, carrying three different representations ([r1], [r2], [r3]), there
are three different quantum R eigenvalues λ˜Xα,s([ri, [rj ]) where i ≤ j. Hence we conjecture a generalisation of the
eigenvalue hypothesis applicable for links.
Conjecture: The Racah matrix U
[
[r1] [r2]
[r3] Q¯ν
]
is expressed through 3 sets of the normalized eigenvalues of the
corresponding three possible R matrices whose diagonal form will be ΛR([ri], [rj ]) where i ≤ j = 1, 2, 3.
2.4 Signs of the eigenvalues
Formula (10) defines the eigenvalues of the R-matrices up to a sign Xα,s. These signs also exist in the classical limit
q = 1 when R-matrix is just a permutation operator. R-matrix is an operator acting from the space [r1]⊗ [r2] to the
space [r2]⊗ [r1]:
R : [r1]⊗ [r2]→ [r2]⊗ [r1]. (21)
If we study knots then [r1] = [r2] = [r] and both spaces are the same ones. Here signs of the eigenvalues depend
on whether highest weight vectors of the representations are symmetric or antisymmetric under permutation of two
representations [r1] and [r2]. For symmetric representation [r], we can place sign as (−1)α for irreducible representation
Xα = [2r−α, α]. Equivalently, we associate + sign for that Xα whose eigenvalue has highest power of q and alternating
signs for the other Xα in descending powers of q. For example, we take R = [2].There are three eigenvalues, namely
[4]q
4, [3,1]q
0 and [2,2]q
−2. Then the signs are [4] = +1, [3,1] = −1 and [2,2] = +1.
It appears that the same sign convention is applicable for eigenvalues of R-matrices when [r1] 6= [r2]. In fact, this
sign convention determines the signs of the Racah coefficients obtained from highest weight method. These are the
signs we will use for eigenvalues of R applicable for multi-colored links obtained from 3-strand braid.
3 Three-strand braid colored by symmetric representations
In this section we consider 3-strand braids colored by arbitrary symmetric representations:[r1], [r2], [r3]. As mentioned
earlier, there will be three possible R matrices with three sets of normalised eigenvalues (10) constituting the diagonal
matrices diag{ΛR([r1], [r2])}, diag{ΛR([r1], [r3])}, diag{ΛR([r2], [r3])}. The eigenvalues of these matrices depend on
the irreducible representation obtained from following tensor products:
[r1]⊗ [r2] = ⊕αXα = ⊕min(r1,r2)i12=0 [r1 + r2 − i12, i12] ;
[r2]⊗ [r3] = ⊕βYβ = ⊕min(r2,r3)i23=0 [r2 + r3 − i23, i23] ;
[r1]⊗ [r3] = ⊕γZγ = ⊕min(r1,r3)i13=0 [r1 + r3 − i13, i13] (22)
Taking tensor product of these possible irreducible representations Xα, Yβ , Zγ with the representation placed on third
strand, we can compactly write
([ri]⊗ [rj ])⊗ [rk] = ⊕νdimM ijkν Qν = ⊕νdimM ijkν [`ν ,mν , nν ] (23)
where i, j, k ∈ 1, 2, 3 and `ν + mν + nν = r1 + r2 + r3. In order to relate the range of iij in terms of `ν ,mν , nν , we
highlight the relevant logical steps in the following subsection.
6
3.1 Restrictions on the representations
Let us explicitly understand the restriction of range for i12 before we generalise for iij in the tensor product (23).
From the relation
⊕α Xα ⊗ [r3] ≡ ⊕min(r1,r2)i12=0 [r1 + r2 − i12, i12]⊗ [r3] = ⊕νdimM123ν [`ν ,mν , nν ] , (24)
we can infer the following inequalities between the Young diagrams corresponding to Xα ≡ [r1 + r2 − i12, i12] and
Qν ≡ [`ν ,mν , nν ]
`ν − (r1 + r2 − i12) ≤ r3, `ν ≥ r1 + r2 − i,
mν − i12 ≤ r3, mν ≥ i12,
r1 + r2 − i12 ≥ mν , i12 ≥ nν ,
nν ≤ min(r1, r2, r3), `ν ≥ max(r1, r2, r3)
(25)
The above exercise for restriction of range for i12 can be generalised for iij in the tensor product(24) as follows:
jij,k ≤ iij ≤ Jij,k where jij,k = max(ri, rj−`ν ,mν−rk, nν) ; Jij,k = min(ri+rj+rk−`ν , ri+rj−mν ,mν , ri, rj) . (26)
Using the fact `ν +mν + nν = ri + rj + rk, we observe
(ri + rj − `ν)− (mν − rk) = nν ≥ 0⇒ (ri + rj − `ν) ≥ (mν − rk),⇒ (ri + rj + rk − `ν) ≥ mν . (27)
The above inequalities implies more stringent restriction on jij,k and Jij,k:
jij,k = max(ri + rj − `ν , nν), Jij,k = min(ri + rj −mν ,mν , ri, rj). (28)
In the following subsection, we will see that the normalised eigenvalues of R are identical whenever the number of
boxes in the Young diagrams of [r1], [r2], [r3], Qν are reduced in a systematic way eventually modifying three row
Young diagram of Qν to two row Young diagram.
3.2 Eigenvalues of the link R-matrices
Eigenvalues of the R-matrix (10) for Xα ≡ [r1 + r2 − i, i] is
λXα = Xαq
r1r2+i
2−i(r1+r2+1) = (−1)iqr1r2+i2−i(r1+r2+1). (29)
Consider an irreducible representation Qν in the decomposition (24) such that the Young diagram has non-trivial third
row. That is., Qν ≡ [`ν ,mν , nν > 0]. Interestingly, the multiplicity of subspace Qν,s remains same when we reduce
the rank of all the symmetric representations [ri]’s by one as well as change Qν,s → Qν′,s such that the irreducible
representation Qν′ ≡ [`ν − 1,mν − 1, nν − 1].
Furthermore, the eigenvalues of the R matrices under the shift of [r1], [r2]→ [r1− 1], [r2− 1] gives new eigenvalues
λXα′ = −(−1)iqr1r2+i
2−i(r1+r2+1)+1. (30)
Note that ratio of the eigenvalues λXα′/λXα = q which implies that the normalised eigenvalues are indeed same. If
the eigenvalue conjecture from subsection (2.3) is correct then the Racah matrix must obey
U
[r1] [r2]
[r3] [`ν ,mν , nν ]
 = U
[r1 − 1] [r2 − 1]
[r3 − 1] [`ν − 1,mν − 1, nν − 1]
 (31)
Following the above steps iteratively nν times, the modified Qν′ Young diagram has only two rows. The Racah matrix
must remain same under such an iteration implying
U
[r1] [r2]
[r3] [`ν ,mν , nν ]
 = U
[r1 − nν ] [r2 − nν ]
[r3 − nν ] [`ν − nν ,mν − nν ]
 (32)
We have obtained Racah matrices (18) for some symmetric representations using highest weight method and eigenvalue
hypothesis. Interestingly, these matrices (18) for Qν = [`ν ,mν , nν = 0] having only two rows are agreeing with the
known Uq(sl2) matrices. Hence from these results we deduce:
U
[r1 − nν ] [r2 − nν ]
[r3 − nν ] [`ν − nν ,mν − nν ]
 = UUq(sl2)
(r1 − nν)/2 (r2 − nν)/2
(r3 − nν)/2 (`ν −mν)/2
 (33)
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From eqns.(32,33), it is clear that the Uq(slN ) Racah matrix involving Qν (whose Young diagram has three rows)
can be identified as Uq(sl2) Racah matrix:
U
[r1] [r2]
[r3] [`ν ,mν , nν ]
 = UUq(sl2)
(r1 − nν)/2 (r2 − nν)/2
(r3 − nν)/2 (`ν −mν)/2
 (34)
For completeness, we give the closed form expression of Uq(sl2) Racah coefficients [8]:
UUq(sl2)
[
s1 s2 i
s3 s4 j
]
=
√
[2i+ 1][2j + 1] (−1)
4∑
m=1
sm
θ(s1, s2, i) θ(s3, s4, i) θ(s4, s1, j)θ(s2, s3, j)
×
∑
k≥0
(−1)k[k + 1]!
(
[k − s1 − s2 − i]![k − s3 − s4 − i]![k − s1 − s4 − j]! (35)
[k − s2 − s3 − j]![s1 + s2 + s3 + s4 − k]![s1 + s3 + i+ j − k]![s2 + s4 + i+ j − k]!
)−1
,
where the number in square bracket is called quantum number defined as [n] = (qn − q−n)/(q − q−1) and
θ(a, b, c) =
√
[a− b+ c]![b− a+ c]![a+ b− c]!
[a+ b+ c+ 1]!
.
Remember si’s can be integers or half-odd integers whose tensor product will require i, j to be accordingly integers or
half-odd integers.
In the next section, we will explicitly work out H  L[r1],[r2] for a two-component link from 3-strand braid.
4 Colored HOMFLY polynomials for links from 3-strand braid
As discussed in section 2, 3-strand braid group B3 is generated by 2 elements σ1 and σ2. In order to evaluate
multi-colored HOMFLY-PT of the links H  L[r1],[r2],[r3](12) from 3-strand braid , we need to compute R1 = pi(σ1) and
R2 = pi(σ2).
The eigenvalues of the diagonal matrix ΛR1 are given in eqn. (29). We can now explicitly write the matrix
R2 by substituting eqns.(35,34) into (20). Hence we can evaluate pi(β L) ∀β L ∈ B3 colored by arbitrary symmetric
representations. The braid word β L could give one-component link (knots), two-component links and three-component
links. In fact, the two-component link contains torus knot and unknot as components. The three-component link from
β L gives non-trivial entanglement between three unknots. As an illustration, we compute multi-colored HOMFLY-PT
for a two-component link which is not just entangling of unknots in the following subsection.
4.1 Link L7a3
From the Thistlethwaite link table [42], we will take the simplest two-component link referred as L7a3 whose non-trivial
component is trefoil as drawn below:
The braid word β L ∈ B3 for such a link is
[r1]
[r2]
[r2]
@
@
@
 
 
  
 
@
@
@@ 
 
 
@
@@
  @
@
@ 
  @
@@
 
 
 
@@
 
There are two diagonal R-matrices: ΛR([r2], [r2]), ΛR2([r2], [r2]). ΛR([r1], [r2]) stands for crossings of representa-
tions [r1] and [r2] and ΛR([r2], [r2]) that stands for crossings of representations [r2] and [r2]. The two Racah matrices
U1 := U
[
[r2] [r2]
[r1] Q¯
]
and U2 := U
[
[r2] [r1]
[r2] Q¯
]
(36)
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Figure 1: A picture of the link L7a3 from the Knotilus [43]
correspond accordingly to the placements of representations [r2], [r2], [r1] and [r2], [r1], [r2]. The answer for the HOM-
FLY polynomial (12) is then given by:
HL7a3[r1],[r2] =
∑
Q
tr
(
ΛR([r1], [r2]) · U†2 · Λ−1R ([r1], [r2]) · U1 · ΛR([r2], [r2])3 · U†1 · Λ−1R ([r2], [r1]) · U2 · ΛR([r1], [r2])
)
·s∗Q(A, q),
(37)
where Q ∈ [r1]⊗ [r2]⊗ [r2]. Note that the second component colored by representation [r2] is trefoil.
We have performed calculations for some values of [r1] and [r2] using the eigenvalues of R as well as Racah matrix
elements discussed in section 3. The multi-colored HOMFLY-PT (37) for arbitary colors [r1] and [r2] seems to have a
neat form involving quantum number factorial [n]! = [n][n− 1] . . . [1] as well as numbers in parenthesis defined as
{x} = x− 1
x
; Dk =
{Aqk}
{q} . (38)
The explicit expression for this two-component link is
HL7a3[r1],[r2]
s∗[r1] · s∗[r2]
= T[r2](q, A) +
min(r1,r2)∑
k=1
[r1]![r2]!
[r1 − k]![r2 − k]!
{q}3k
A3r2
D−1
Dr2−1
∏k
n=1Dr1+n−1
∏r2−k−1
m=0 D2k+m∏r2−k−1
i=0 Dk+i−1
·Gk,r2(q, A) , (39)
where T[r2](q, A)) refers to (reduced) colored HOMFLY polynomial of the trefoil in the topological framing colored
with [r2] and Gk,r2 can be derived using
G1,r2(q,A) =
r2∑
i=1
Qi,r2(q, A) where Qi,r2(q, A) =
[2(i+ 1)]
[i+ 1]
[r2 − 1]!
[i− 1]![r2 − i]!
{q}i−1
Aiq2r
2
2−i2/2−5i/2+1
i∏
j=2
Dr2+j−1 (40)
as follows:
Gk,r2(q,A) =
r2−k+1∑
i=1
(
k−1∏
n=1
[r2 − i− n+ 1]
[r2 − n]
)
q(1−k)(k+2i−2)/2 [G1,r2(q, A)]
A
1−2iA
r2−k+2−2i (41)
where [G]Ap denotes the coefficient of the p-th degree of the (Laurent) polynomial G of A. Equivalently, the form of
Gk,r2(q, A) can be written as double sum :
Gk,r2(q, A) =
r2∑
i=1
Pi,k,r2(q, A) where (42)
Pi,k,r2(q, A) =
qi(i+5)/2
q2r
2
2+
k(k−1)
2 +1A2i+k−r2−2
[2i+2]
[i+ 1]
[r2 − 1]!
[r2−i]![i−1]!
r2+i−1∏
p=r2+k
D˜p
min(i,k)∑
n=1
r2+min(i,k)−1∏
m=r2+n
D˜m
×
n−1∏
j=1
[i−j][k−j]
[j][r2 − j]
1
qj+k+i−2
.
Here D˜m = A{q}Dm = A2qm − q−m. Remember [0]! = 1 and terms inside
∏b
j=a involving b < a are set to one.
Another way to evaluate the HOMFLY polynomial for this link is described in [44].
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5 Conclusion
In this paper, we study invariants of links from 3-strand braids where the strands are colored by arbitrary symmetric
representations. We have presented the construction of multi-colored invariants H  L[r1],[r2],[r3] (5) for these links,where
the component knots are colored by symmetric [r1], [r2], [r3] representations, using the quantum R as well as Uq(slN )
Racah matrices. In the literature, the matrix elements of these Racah matrices are not available for arbitrary repre-
sentations. So we cannot explictly write the multi-colored HOMFLY-PT in terms of variables q, A. Hence the main
theme of this paper was to determine these Racah matrix elements.
We have given a formal proof, using eigenvalue hypothesis, to identify the Racah matrices with quantum Uq(sl2)
Racah matrices. As the Uq(sl2) Racah matrix coefficients are known [8], we could evaluate the multi-colored HOMFLY-
PT for two and three-component links colored by different symmetric representations. For concreteness, we have
presented the results for a two-component link L7a3 (37)-(39).
The extension of the proof for m > 3-strand braids looks plausible. It appears that these Racah matrices may
be identified with Uq(slm−1). We hope to get insight on Racah matrices obtainable from highest weight approach
[45] for some low rank symmetric representations of Uq(slN ) placed on component knots. The results could lead to
writing closed form expession for Uq(slN≥3) Racah coefficients for arbitrary symmetric representations. Extension to
multiplicity free rectangular representations must also be addressed for 3-strand and m > 3-strand braids. We will
pursue these issues in future so that multi-colored HOMFLY-PT for links from m-strand braids become computable.
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